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The Hybrid Parametric Amplifier

COLIN S. AITCHISON anp A. WONG

Abstract—This paper calculates the gain and noise performance of a
new version of the parametric amplifier in which the signal circuit is part
of an artificial transmission line while the idler circuit is resonant. A
particularly useful property of this type of parametric amplifier is absence
of oscillation with increasing pump power.

I. INTRODUCTION

WO VARIETIES of varactor parametric amplifiers
have been proposed and examined in the past. The
first of these is the resonant amplifier in which both the
signal and idling circuits are resonant. The second is the
traveling wave amplifier in which an artificial transmis-
sion line propagates the signal and idling frequencies, as
well as the pump frequency [1]-[3].
In the resonant amplifier it is necessary to satisfy the
constraint that

b=t/
where

S, the pump frequency

J, the signal frequency

f; the idling frequency.

In the traveling wave amplifier an additional constraint
has to be satisfied at each varactor: this is a phase
constraint and arises from the fact that the signal, idling,
and pump signals must have the relationship

8,=0,+0,

where p, s, and I refer to the pump, signal, and idling
frequencies, respectively, and 8 is the phase.

In the past alot of work was devoted to the traveling
wave amplifier because of its attractive bandwidth poten-
tial, but it proved difficult to satisfy this phase relation-
ship over a large bandwidth when an artificial transmis-
sion loaded with lumped varactors was used [4].

This paper proposes and examines the properties of a
combination of the resonant and traveling wave paramet-
ric amplifier. The name hybrid parametric amplifier is used
for this combination [5].

II. THE HYBRID PARAMETRIC AMPLIFIER

The objective of the hybrid parametric amplifier is to
avoid the phase constraint of the traveling wave amplifier
by arranging that the idling circuit associated with each
varactor is resonant while retaining the traveling wave
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Fig. 1. Single T section of hybrid parametric amplifier.

signal circuit. It is assumed that the pump power is fed to
each varactor separately, though this is not essential.

It will be shown that the hybrid amplifier has a number
of additional advantages. These are stated as follows.

a) The amplifier cannot oscillate.

b) The variation of gain with pump power has a zero
minimum at which value the gain is the designed
maximum value.

c) Since the signal circuit is not resonant, the loss
associated with the signal circuit inductance can be
less than in a conventional resonant parametric
amplifier. This is of importance at low frequencies
(such as IF frequencies) since at these frequencies
the resonant parametric amplifier noise figure is
seriously degraded due to the loss associated with
this inductance [ ].

Fig. 1 shows a single T section of artificial transmission
line (at the signal frequency) of characteristic impedance
Z,, which is fed from a generator E of internal impedance
Z, and is terminated in a load Z,. Both series elements
consist of inductances 1/2L, with series loss 1/2R,. The
shunt element is a varactor of capacitance C, and series
resistance R,. In shunt with the varactor is an inductance
L, which resonates the varactor at the idling frequency.
Bandpass filters are provided in both series arms and in
series with the idling inductance so that signal and idling
currents flow only in the appropriate circuits. Pump
power is fed to the midpoint of the T section through a
series capacitor.

Fig. 2 shows the arrangement of three cascaded T
sections with separate pump feeds. The signal circuit
series inductance L has a shunt capacitance placed across
it, forming a parallel resonant circuit at the idling
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Fig. 3. Single stage hybrid parametric amplifier showing circuit param-
eters.

frequency, serving as a filter to constrain idling energy to
the appropriate idling circuit in each section.
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GCo
[ 1+ y(expjw,? +exp—jw,?) |

where 0>y >0.5.
Applying Kirchhoff’s Laws to the signal circuit we get

) Jj \. g

= +1zYi + - |; L
€ (ZO 2 S)ls (Rd Cows )lv Cowl (1)
e=(2y+12)i,+(Zy+12)i, (2)
i=i +i. 3)

In (1), (2), and (3) we have used the complex notation
for current and voltage.

For the idler circuit (using resonant parametric ampli-
fier theory [1]) we have

. . Ji i
0= +jw,L)— —— — .
i(ry+jerLy) Cow;  Cow, 4
If we resonate the idler circuit (4) simplifies to
v
= Cow,ty )

Substituting the starred version of (5) into (1) and (3)
gives

. 2
e=(Z,+1z)i+{R,—-L—-—L )i, (6
(0 2 ) (d Cows ngsw,r,)v ©)

To obtain an expression for gain we need to know #; in
terms of e. Substituting (6) into (2) and (3) gives

. 2
J Y
R,— — e
( ¢ Cow, ngs“’]"])

i = : > @
Zo+ (R +jeo,L) ]| Zg+ LR +jo, L) +2| R,— —L— - —T
[ 0 2( s J Wy )] 0 2( s .]ws ) ( d Cows Cozwswlrl
or
2 1 2
(R,—R,) +—— ||E]
, w0, Cg
M |*= ®)

3l

[(ZO+§RS)2+(“”2

ITI. GAIN PERFORMANCE OF THE HYBRID
PARAMETRIC AMPLIFIER

We wish to examine the dependance of the available
gain of a single T section on the T-section circuit parame-
ters.

The circuit we wish to analyze is shown in Fig. 3. The
current in the first series arm is 7, and in the second arm is
I, . The current flowing through the varactor is I, and that
flowing in the idling circuit is 7.

We assume the capacitance C, to be pumped at a
frequency w, where w, is equal to sum of the signal
frequency w, and the idler frequency w;,. We write the
instantaneous value of the pumped capacitance as

4 W2LC,y\?
Zo+ 1R, +2R,—2R ) S R
(Zo+35R+2R, 2R")+(w3cg)(l - )
where
b Clur,

This expression (8) simplifies if we assume a value of R,
which makes the term (Z,+3R,+2R;,—2R,) in the de-
nominator vanish, i.e.,

(z,+iR,+2R,~2R,)=0. 9
We now calculate the dependance of the available gain

corresponding to this condition and write this as G
where G, is given by

av, max

-
iif Zy

ST AS (10)
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Fig. 4. General T section.

We obtain, if 1/2R «Z,
w,CoZo |\
[1+( =
e 2 | @ILG 2’
227,

4
We now need an expression for Z,. For the T section
shown in Fig. 4, with two series arms each of impedance
1/2Z, and a shunt arm impedance of Z, it can be shown

that
/ z
Z,= zlzz(1+}7;) .

If the loss (or gain) terms associated with the complex
impedances in (12) are small in comparison to the reactive
terms this can be simplified to

(11)

av,max

(12)

L wszLCo
am\fE(1- %) 1)
Substitution of (13) into (11) gives
wiLC, w?LC,
1+ 47 (1_ - )}
wemsr LG, W2LC, WLCy 12
[
(14)

In (14) the term wLC,/4 is significant and we give it
the symbol g, i.e.,

_ wlLC,

7 (15)

We see from (13) that g must be less than unity so that
Z, is real and a signal can propagate through the T
section. Physically g is the square of the ratio of signal
frequency to cutoff frequency (f,) of the artificial trans-

mission line, i.e.,
f; )2
— — . 16
8 (fc (16)

The cutoff frequency of the artificial transmission line
is defined by
1
So=————. (17
7V LC,

We can write (14) in terms of g as
1+g(l—g)

71+1—§§)(1—g)2.

G

(18)

av,max (

835

94 Gav(B)

e @

T T T T T
01 0-2 03 0-4 0-5 0-6 07 08 09 10

Fig. 5. Dependence of available gain on g.

This simplifies to

Gav,max—g+ (l_g) . (19)

The variation of 10 log,,G,, ., With the parameter g is

shown in Fig. §, showing that useful gain is obtainable for
moderate values of g.

We previously used R, for the terms y2/(Clw,uw,7)).

Since, in practice, the idling loss r, is due to the varactor

alone, we can write R, as
2

- Y (20)

n 2 .
Cow,wr R,

By substituting (9) in (20) we connect w, with Z;; thus
2

y
1= : (21)
Clwsw;RA3Zy+ 1R, +R,)

The selection of the parameters of a hybrid parametric
amplifier proceeds in the following sequence.

a) For a given varactor (specifying C,, v, and R)) select
L so that the required stage gain is achieved at the
specified signal frequency using (18) and (15).

b) Use (13) to determine Z,,.

¢) Use (21) to determine w,.

If the calculated values of Z; or w, are practically
inconvenient, they can be changed by selection of a
different varactor.

Examination of (8) shows that the current through the
load is determined by the value of R, in the second term
in the denominator. (The effect of the R, term in the
numerator is small since |R >R, and this term can be
neglected.) As y increases from zero the available gain
increases to its maximum value (at the optimum vy) and
then reduces with further increase of y. A plot of
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Fig. 6. Theoretical variation of gain as a function of y.
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Fig. 7. Noise equivalent circuit for the hybrid paramp.

10 log,( G,, against y shows the symmetry of thin curve,
and an example of such a curve is shown in Fig. 6,
showing a maximum stage gain of 6 dB at an optimum
Y(Yopy ©f 0.15. This feature of the hybrid parametric
amplifier is a significant advantage over the conventional
resonant parametric amplifier, and removes the need for a
stable pump source.

IV. THE NoOISE FIGURE OF THE PARAMETRIC
HYBRID AMPLIFIER

We wish to calculate the noise figure of the hybrid
parametric amplifier.

We first calculate the noise figure of the single T section
(of characteristic impedance Z, terminated and fed from
Z,) shown in Fig. 7.

The noise sources dissipating power in the load of the
amplifier are the following:

1) the source resistance Z; at the standard temperature
T, in the signal circuit;

2) the series losses (1/2R, and 1/2R/) in the signal
circuit (R, and R/ are identical but are separated symboli-
cally since the power dissipated in the load is different in
the two cases);

3) the varactor loss R, in the signal circuit;

4) the varactor loss R, in the idler circuit which pro-
duces noise in the signal circuit by frequency conversion.

We assume that shot, flicker, and pump noise are negli-
gible in comparison with thermal noise and, for simplicity,
that the amplifier is operating at the standard temperature
(290 K) as specified in the noise figure definition [5].

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-28, NO. 8, AuGusT 1980

The noise power dissipated in the load Z, due to the
source (E ) is obtained from (8).

With the optimum condition given by (9) the current
through the load I, is then

2 1 \?
E2|1(Z,+1R) +(wco) }
2 5
L= Loz [ @ L2 2 \? w?LCy\?
(ZO+§R3) +( 2 ) w,Co 1- 4

(22)

where E7 is equal to 4kT,Z,B, and Z, is assumed to be
real.

Neglecting 1/2R, in comparison with Z, and substitut-
ing g for w2LC,/4 we get

E;[1+g(1-g)]

4z§[1+%g}(1—g)2

2=

(23)
The noise power dissipated in the load Z, written

P;(Zy), is given by
Py (Zg)= kToB( g+ 1—1}-) : (24)

The noise power dissipated in the load Z, due to the
inductance loss 1/2R, is I?Z, where I, is given by

2
—

2 [wL)\? 2 \? WLCy \?
(zr3R)+(% )] (‘*’Co)(l_ a 0)

(25)

1
Eig

E},p =4kTo(1R,)B.

Neglecting 1/2 R, in comparison with Z in (25) we get

1
i CAREr)

I3= 26
i P (26)
so that the power dissipated in the load P, , £ (Zo) is
kT,B 1
Py r(Zg)=—2 ( + ) 27
1 /2R,( 0) q g i—g (27)

where Z,/1/2 R, is written as q.

In order to calculate the noise power dissipated in the
load Z, from the second inductance loss (1/2R/), we need
to calculate the current I,, in the load due to a generator
€ 2g» in series with the second inductance in the T
section as shown in Fig. 8.

Applying Kirchhoff’s Laws to this circuit we have

e pm=inZi i Rm 2 )T g8

1/2R/ L1 v d Co‘*’s CO(’"I
iL=iv+is (29)

el/2Rs’=iLZI+isZI (30)
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Fig. 9. T section with noise from R,.

where ’ Applying Kirchhoff’s Laws to this circuit we have
Z,=Zy+1Z (R, — -2 _ S i1 Z,=0 37
245 g, ti,| Ry Com Cow,+l'“ = 37
Z,=R,+jw,L. ’
e =2, (38)
From (5) we get b
wnere
e IBY
if= . 31 jw L
T Cowyry B z,=zo+§Rs+Jw5 :
Equations (28) and (31) give Using (31) in (37) and eliminating i, using (38) we get
2
. . Y —e
e or =i Z +(iL—i)| Z,— ok (32) ip= e T (39)
s [B)
o (ZO+%RS+2Rd——2R,,)+j( Cod )
where 2 Cow,
Z =R.— Jj Starring (39) and multiplying gives
2 d C.@ . 2
0%s ER,;_,
2.
Substituting (30) into (32) gives Ip= A - (40)
. Wy 0
. . eyppTiLZ, ( ) (1 - )
el/z&,=zLZI+(zL— T)(ZZ—R,,). (33) Cows 4
! But
Starring (33) and multiplying by (33) gives E 1§¢ =4kT,R,B
2 1 2 wsL 1 2
Elr|(Zo+ 3R+ R—R) +| - Ye
I}= . 34
£ NI RN AT 1 2 [wL 2 \? (34
(Zo+3R,) +( ) ) (Zy+ 3R, +2R,—2R ) + > " Ca

The maximum current occurs when
(Zo+3R,+2R,—2R,)=0
in accordance with (9). Equation (34) then simplifies to
EZ . —14)?
o em| o (1-28) ]

= 35

(1-g)

and the noise power P, , p{Z,), dissipated in the load Z,,
due to e, , z. is given by

kT,B

P, /2R;(Zo) = (36)

(1-2g)°
g+ .
(1-g)
The noise power dissipated in the load Z,, due to the
varactor loss R, at the signal frequency can be calculated
by placing a generator Ry _in series with the varactor as
shown in Fig. 9.

so that the power dissipated in the load Z, due to the
generator Ep is given by

PR,,LV(ZO)=

where p is equal to Z,/2R,,.

The varactor loss R, also gives an idling frequency
current in the idler circuit which gives rise to a current at
the signal frequency in the load Z,.

The generator Eg is shown in the idler circuit in Fig.
10.

Applying Kirchhoff’s Laws

kToB(i) (1)

p \l—g

, J Jify .
= SRR A P +i,Z 42
0 21L(Rd Co‘*’s) Cowy B (42)
. 2jvit
er, = i~ (43)
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Fig. 10. T section with noise at the idler frequency from R,.

where we have assumed the idler circuit to be resonant.
Substituting (43) into (42) gives an expression for i,

S«
, Cowyry M
e wl 2 (“44)
1 — | = - =
Zy+ 1R +2R, 2Rn+_]( 3 wco)]
giving
2
Y 2
E
2 ( Co‘*’I’I) [Er
[, *= 7 5 \2 .
1 2, (Y
(Zo+ 1R, +2R,~2R,) +( R wsCo)
(45)
As before we put
Zy+1R +2R,—2R,=0 (46)
=Ry (47)
We know that R, is given by
2
R=—27 . (48)
ngszRd
Substituting (46) and (47) in (48) gives
2
Y ) A (1 +p+ !’—) 49
( Cowrry fr P q/ (“49)

Substituting (49) into (45) gives for the power dissipated in
Z, due to the generator Ep (Pg (Z,)) the relation

4kT,R,BZ,
Pe(Zo)= 02470 £(1+p+%). (50)

2 \? 1— wSZLC0 2 Ji
w, Cy 4

E} =4KkT,R,B.

But

(51)

Substituting (51) into (50) and expressing in terms of g we
get

RN T

We can now calculate the noise figure F; of one stage
using the standard definition [5].

_ Pz (Zo)+ Py j3p (Zo)+ Py jap(Zo) + Pr(Zo)+ P (Zy)
! Pz(Zo)

- (53)
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Substituting using (24), (27), (36), (41), and (52) gives on
rearranging

F=1+2
q

1-g(1—g) ]
I+g(l1—g)

_ 2 1 S 1.1
+1+g(1—g)[p+f1(l+p+q)]' i

The gain of a single stage hybrid amplifier is likely to be

low and, therefore, it is more useful to calculate the noise
measure M [6], [7]. This is given by the relationship
F,—1
1
GB.V
and is the excess noise figure of an infinite number of
cascaded stages each of noise figure F, and available gain
G,y
Using (19) and (55) M is given by

M=£[ l—g(l—g)]

M= (55)

1—

q| 2g2-g)

. (56)

T

2-g)|p H\ P 4
Both (54) and (56) degenerate to form conventional
resonant parametric amplifier noise expressions if there is

no loss associated with the signal circuit inductance, since
q is then infinite.

V. ADVANTAGES OF THE HYBRID PARAMETRIC
AMPLIFIER

The gain and noise figure theory for the hybrid para-
metric amplifier detailed in the preceding paragraphs
shows that the current in the signal circuit cannot rise to
infinity and hence the amplifier cannot oscillate. This is a
significant advantage of the hybrid parametric amplifier.

The expressions for noise figure include a thermal noise
contribution from the loss associated with the inductors of
the series arms of the T section. Since these inductors are
smaller than the corresponding inductance used in a cor-
responding resonant parametric amplifier with the same
varactor, we may expect the noise performance of the
hybrid parametric amplifier to be superior at these
frequencies at which the loss in the inductance is not
negligible compared with that in the varactor. Thus a
hybrid parametric amplifier at 30 MHz should give a
significantly better noise performance than that of the
resonant version at frequencies below 100 MHz.

A companion paper [8] details the design construction
and evaluation of a hybrid parametric amplifier at 30
MHz pumped in the UHF band with a 6-dB gain, 8-MHz
bandwidth, and 18 K noise temperature.

VI

The concept of the hybrid parametric amplifier has
been introduced and the gain and noise figure of a single
T section have been calculated in terms of the varactor
parameters and signal circuit inductance properties. The
noise figure has been extended, in terms of noise measure,

CONCLUSIONS
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to cover the behavior of n identical cascaded stages.
Gain dependence on pump power and low frequency
(below UHF) noise behavior are expected to be attractive.
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High-Accuracy WKB Analyses of o-Power
Graded-Core Fibers

KIMIYUKI OYAMADA, STUDENT MEMBER, IEEE, AND TAKANORI OKOSHI, MEMBER, IEEE

Abstract—The WKB method is an effective approach to the analyses of
propagation characteristics of optical fibers. However, conventional WKB
analyses can not be applied to close-to-cutoff modes because the effect of
core-cladding boundary is not considered exactly.

This paper proposes two improved WKB analyses which consider the
above effect more exactly. Both of these methods are applicable to the
close-to-cutoff modes. The first one is superior in accuracy (for example,
relative error in cutoff frequencies=510~%), but applicable only to
quadratic profiles. The second one is applicable to general a-power pro-
files; the accuracy is poorer but tolerable for most practical purposes.

I. INTRODUCTION

ANY METHODS have been developed for the

analysis of propagation characteristics of optical
fibers having arbitrary refractive-index profiles. Among
these, the WKB method [1],[2] is relatively simple and
comprehensive. However, it is essentially an approximate
analysis, and usually gives large error for close-to-cutoff
modes.

A significant fact found by the conventional WKB
analyses was that the multimode dispersion was mini-
mized for a quasiquadratic (parabolic) profile [1]. It was
also found that the maximum delay difference between
propagating modes for such a profile was approximately
TA?/2, where T and A denote the propagation time and
the relative refractive-index difference (see (1)), respec-
tively.

However, more exact analyses such as those by
Rayleigh—Ritz method [3], finite-element method {4], and
power-series expansion method [5] reveal that the delay-
time difference between the well-confined and close-to-
cutoff modes approaches TA. This value is much greater
than the above WKB prediction: 7A?/2. The principal
reason for such an error in the conventional WKB

Manuscript received January 7, 1980; revised March 18, 1980.
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analyses [1],[2] is that the effect of the discontinuity in the
slope of the index profile at core-cladding boundary is not
taken into account. For the same reason, the effect of the
index valley at the core-cladding boundary, which is
claimed to be effective for reducing the multimode disper-
sion [6], cannot be analyzed by the conventional WKB
analyses. Recently, Olshansky [7] and Ikuno [8] proposed
modified WKB analyses to improve these drawbacks.

This paper proposes two WKB analyses which consider
the above effect more exactly. These are applicable either
to the close-to-cutoff modes or to the index profiles with
valley. The first method is somewhat similar to the
Olshansky’s, but the accuracy is improved. The relative
error in the cutoff frequencies of LP,, modes in
quadratic-profile fibers is below 107> for most modes.
However, this method is difficult to apply to index pro-
files other than the quadratic one. The second method
uses an asymptotic solution different from the first, and is
applicable to general a-power profiles; however, the ac-
curacy is poorer.

II. WKB FORMULATIONS
The index profile is assumed to be expressed as
n(r)y=n,[1-24/(r)]"* (1)

where r denotes the radial coordinate normalized by the
core radius a, and f(r) is a function given as

a 2)
A=1r% r< 1 (
fir) { 1, r>1 3)
In this case, the scalar wave equation [9] can be written as
1 d{ dR 2 2 m>)
p dr(r dr)+{u v’f(r) 2 R=0 C))

where R(r) is the function representing the field distribu-
tion
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